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KARL AUINGER An Application of

GRACINDA M. S. GOMES
VicTORIA GOULD a Th'ec.)rem of Ash
BENJAMIN STEINBERG to Finite Covers

Abstract. The technique of covers is now well established in semigroup theory. The
idea is, given a semigroup S, to find a semigroup S having a better understood structure
than that of S, and an onto morphism 6 of a specific kind from S to S. With the right
conditions on 6, the behaviour of S is closely linked to that of S. If S is finite one aims to
choose a finite S. The celebrated results for inverse semigroups of McAlister in the 1970’s
form the flagship of this theory.

Weakly left quasi-ample semigroups form a quasivariety (of algebras of type (2,1)),
properly containing the classes of groups, and of inverse, left ample, and weakly left ample
semigroups. We show how the existence of finite proper covers for semigroups in this
quasivariety is a consequence of Ash’s powerful theorem for pointlike sets. Our approach is
to obtain a cover S of a weakly left quasi-ample semigroup S as a subalgebra of Sx G, where
G is a group. It follows immediately from the fact that weakly left quasi-ample semigroups
form a quasivariety, that Sis weakly left quasi-ample. We can then specialise our covering
results to the quasivarieties of weakly left ample, and left ample semigroups. The latter
have natural representations as (2,1)-subalgebras of partial (one-one) transformations,
where the unary operation takes a transformation « to the identity map in the domain of
a. In the final part of this paper we consider representations of weakly left quasi-ample
semigroups.

Keywords: weakly left quasi-ample semigroup, proper cover

2000 Mathematics Subject Classification: 20 M 07, 20 M 30

1. Introduction

The relation R is defined on a semigroup S by the rule that aR b if and
only if

ea=a<eb=0>
for all e € E(S). It is easy to see that the restriction of R to regular elements
coincides with Green’s relation R. In general R is strictly contained in R, as
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46 K. Auinger, G. M. S. Gomes, V. Gould, and B. Steinberg

may be seen by considering unipotent monoids, that is, monoids in which the

only idempotent is the identity. For details of Green’s relations, and other

standard semigroup theoretic techniques, we recommend [8] to the reader.
We say that a semigroup is weakly left quasi-ample, abbreviated wlqa, if

every R-class contains a unigue idempotent and, denoting the idempotent

in the R-class of a € S by a*, the ample identity

)t

ae = (ae)"a

for all @ € S,e € E(S) is satisfied. If the idempotents of a wlga semigroup S
commute and R is a left congruence, then S is weakly left ample, abbreviated
wla. Such semigroups are (2, 1)-subalgebras of semigroups of partial trans-
formations, where the binary operation is composition of mappings (from
left to right) and the unary operation sends a to a® where a™ is the iden-
tity map in the domain of « [7, 10, 11]. Wlqa semigroups are ‘almost’ inverse
images of wla semigroups such that the inverse image of each idempotent
is a left zero semigroup. The use of ‘almost’ is clarified in the final section;
certainly the statement is true if R is a left congruence.

A cover of a wlga semigroup S is a wlqa semigroup S, together with
an onto idempotent separating (2, 1)-morphism 6 from S to S. In the case
where S is a monoid, we require that S is also a monoid and 6 preserves the
identity, that is, it is a (2, 1,0)-morphism.

Let S be a wlga semigroup. We show that the idempotents of S form
a left regular band and that the relation o on S, defined by the rule ac b
if and only if ea = eb for some e € E(S), is_the least unipotent monoid
congruence on S. The semigroup S is proper if RNo is trivial. The structure
of proper wla semigroups may be determined by unipotent monoids and
semilattices [4]. The authors anticipate that an analogous result for proper
wlga semigroups would involve unipotent monoids and left regular bands.
In earlier papers [4, 6] it is shown that every wla semigroup S has a proper
cover, which may be chosen to be finite if S is finite. Here we show that the
latter result may be deduced for the wider class of wlqga semigroups from
Ash’s celebrated theorem for pointlike sets [1].

There is a “standard” method of constructing covers for semigroups and
monoids, using the notion of relational morphism. If S and G are semigroups,
then a relation ¢ from S to G is a relational morphism if for all s,t € S,
s¢ # 0 and spte C (st)¢. In the monoid case, we insist that 1 € 1¢. This
condition is superfluous if G is a finite group; moreover in this case 1 € e¢
for each e € E(S).

It is well known (see [15]) that a relation ¢ : S — G is a relational
morphism if and only if the graph of ¢, that is,

This content downloaded from 144.32.101.114 on Thu, 21 Dec 2017 10:02:38 UTC
All use subject to http://about.jstor.org/terms



An Application of a Theorem of Ash to Finite Covers 47

R={(s,9) | g € sp}

is a subsemigroup of S x G with the projection 6 : R — S being surjective.
If G is a finite group, then from a comment above

E(R)={(e,1): e € E(S)}

and certainly, 6 is idempotent separating. It follows from the fact that
the class of wlga semigroups forms a quasivariety that R is wlqa; since 6
preserves T we have that S = Ris a cover of S. In order that this cover be
proper we need a relational morphism ¢ which separates any two distinct
elements s and ¢ for which s R ¢t holds. In other words, we have to show that
no set {s,t} of two distinct elements of S with st = t* is pointlike. This
will be established in Section 3 by the use of Ash’s theorem [1].

In Section 2 we sketch the necessary background on wlqa semigroups and
monoids and related structures. Details may be found on the homepage of
the third author at http:www-users.york.ac.uk/ vargl/ under ‘(Weakly)
left E-ample semigroups’. The final section considers representations of wlqa
semigroups'by partial maps.

2. Weakly left quasi-ample semigroups and monoids

The class of wlqa semigroups is a quasivariety of algebras of type (2,1). The
binary operation is semigroup multiplication; the unary operation is a — a™.

The proofs of the following two results are straightforward. Note that
we do not claim the sets of quasi-identities are minimal, but aim for trans-
parency.

LEMMA 2.1. Let S be an algebra of type (2,1). Then S is a wiga semigroup
with a™ denoting the (unique) idempotent in the R-class of a if and only if
S satisfies the quasi-identities

(zy)z = z(y2),

(a+)2 =a", ata=aq, (62 =eNea=a)=>eat =aT

)
(e =eheat =aT Nate=¢)= e=a",
abt = (ab™)"a.

If the idempotents of a semigroup commute, then it is immediate that
every element is R-related to at most one idempotent.

This content downloaded from 144.32.101.114 on Thu, 21 Dec 2017 10:02:38 UTC
All use subject to http://about.jstor.org/terms



48 K. Auinger, G. M. S. Gomes, V. Gould, and B. Steinberg

COROLLARY 2.2. Let S be an algebra of type (2,1). Then S is a wla semi-
group with a¥ denoting the (unique) idempotent in the R-class of a if and
only if S satisfies the quasi-identities

(zy)z = z(yz),

(a*)?=at, ata=aq, (& =eNea=a)=ea’ =at,

(e =enf?=[)=ef = fe
abt = (ab")*a,
at =bt = (ca)t = (cb)™.

The corresponding classes of monoids are, of course, quasivarieties of
algebras of type (2,1,0) obtained by adding the quasi-identity lz =z =z 1
to the above lists.

An inverse semigroup is wla, where a* = aa~!. Recall that a band
B is left regular if it satisfies the identity ef = efe. Equivalently, B is a
semilattice of left zero semigroups [14]. A band is left regular if and only if
R is trivial [14]; clearly then, a left regular band is wlga. Moreover, if S is a
left regular band B of unipotent monoids such that F(S) is a subsemigroup
(necessarily isomorphic to B), then S is wlqa, but not wla unless B is a
semilattice. On the other hand, if S is regular and E(S) is a left regular
band, that is, S is R-unipotent (see for example [16]), then S is wlqa. For
in this case, as commented in the Introduction, R coincides with R, so
that it remains only to check that the ample identity holds. Let a,b € S
and let a! be an inverse of a. Then, using the fact that E(S) is a band,
(abta"Nabt = a(a"la)bT(a"ta)b* = a(a"la)b* = ab™. Since abta~! is
idempotent it follows that abta~™! = (ab™)T. Hence

(ab™)ra = (abTaVa =a(ala)bT (a7 a) = a(a ' a)b™ = ab™,

using the fact that E(S) is left regular. Numerous further examples of wlqa
semigroups may be found in the references.

LEMMA 2.3. Let S be a wlga semigroup. Then E(S) is a left reqular band.
PROOF. Let e, f € E(S). Using the ample condition,
(ef)? = (ef)(ef) = (ef)Te(ef) = (ef)(ef) = e,
so that E(S) is a band. Further,
efe=(ef)Te=ef,
since ef € E(S). ]

This content downloaded from 144.32.101.114 on Thu, 21 Dec 2017 10:02:38 UTC
All use subject to http://about.jstor.org/terms



An Application of a Theorem of Ash to Finite Covers 49

If S is a wla semigroup the relation o defined on S by the rule that for
any a,b € S,
acb< ea=eb

for some e € E(S), is the least unipotent monoid congruence on S [5]. We
extend this result to wlqa semigroups.

PROPOSITION 2.4. Let S be a wlga semigroup. Then the relation o defined
above is the least unipotent monoid congruence on S.

PrOOF. Clearly, if ¢ is a unipotent monoid congruence, it must be the least
such.

We begin by showing that if a,b € S and ea = fb for some e, f € E(S5),
then a o b. To see this, recall that E(S) is left regular so that

(ef)a = (efe)a = (ef)(ea) = (ef)(fb) = (ef)b.

Clearly o is reflexive, symmetric and right compatible. If a,b,c € S and
ao b, then we have that ea = eb for some e € FE(S). The ample condition
gives that

(ce)*ca = cea = ceb = (ce)teb,

whence o is left compatible.
To see that o is transitive, suppose that a,b,c € S and e, f € E(S) with
ea = eb and fb= fc. Then

efa=efea =efeb=efb=cefc,

so that ao c and ¢ is a congruence.
For any e, f € E(S) we have

(ef)e =ef = (ef)f,

so that eo f. Using the ample condition, it is easy to see that o is a monoid
congruence. Finally, if a € S with ao idempotent, then there exists e € E(S)
with ea = ea?. Now

+,,2

(eae)? = (eae)ae = ((eae)™ (ea))ae = (eae)Tea’e = (eae)™

eae = eae,

so that eae, eae(ae)™ € E(S). Moreover,

+

(eae)(ae)"a = (eae)(ae) = (eae)(eae), |

so by the comment at the beginning of this proof, ao eae. Thus S/o is a
unipotent monoid. n

If S is finite, perforce o is the least group congruence on S. This is also
the case when S is R-unipotent [3]. As for wla semigroups, we say that a
wlqga semigroup is proper if R N o is the identity relation.
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50 K. Auinger, G. M. S. Gomes, V. Gould, and B. Steinberg

3. Finite proper covers
The relation <z is defined on a semigroup S by the rule that

a<z b if and only if for all e € E(S),eb = b implies that ea = a.

Clearly <3 is a quasiorder, with associated equivalence relation R. Conse-
quently we have:

LEMMA 3.1. Let S be a semigroup. For all a,b,c € S
(i) ab<z a;
(ii) if abc R a, then abRa.

The following minor observation will be used repeatedly.

LEMMA 3.2. Let S be a wlga semigroup, a € S and e € E(S). Then
aeRa if and only if ae = a.

ProoF. If aeﬁa, then using the ample identity,

+

a=a%a=(ae)t

a = ae. ]
LEMMA 3.3. Let S be a wlga semigroup. Then

N = {s € S: xsRaz implies that zs = x}
is a subsemigroup and E(S) C N.

PROOF. From Lemma 3.2, E(S) C N. If s,t € N and xstﬁg, then by
Lemma 3.1, we have zs R x so that as s € N, xs = x. Now zt Rz, so that
as t € N we have ¢ = xt = zst. Thus N is a subsemigroup. [ |

Recall that for an element s of a semigroup S, s’ is a weak inverse of s
if s'ss’ = s'; we let W (s) denote the set of weak inverses of s. Notice that if
s’ € W(s), then ss’,s's € E(S). A weak conjugate of t € S is an element of
the form sts’ or s'ts.

LEMMA 3.4. Let S be a wiga semigroup. If a,b € W(c) for some a,b,c € S,
and zaR x R xb, then xa = xb.

PROOF. From zaca = zaR 'z we have that xﬁxac, so that x = zac by
Lemma 3.2. Now b = zacbR xa so that again by Lemma 3.2, xa = zachb =
xb. ]
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An Application of a Theorem of Ash to Finite Covers 51

Recall from [9] that a subset X of a semigroup S is pointlike (with respect
to finite groups) if for every relational morphism ¢ : S — G to a finite
group G, there exists g € G such that X C g¢~!. We begin with the well
known characterisation of pointlike sets (see Theorem 1.2 of [9]) which is
a consequence of Ash’s theorem (Theorem 2.1 in [1]) and the fact that in
a semigroup in which the idempotents form a band B, B is closed under
weak conjugation. For a detailed discussion of Ash’s theorem the reader is
referred to Almeida [2]. We remark that the results of [9] are phrased for
monoids; here we use the corresponding semigroup versions.

THEOREM 3.5. [9] Let S be a finite semigroup in which the idempotents form
a band; then {s,t} C S is pointlike if and only if there are factorisations of
s and t:

s =epcre1cy ... ex—1ckex and t = fody frds ... fr_1di fr
where e;, f; € E(SY),i € {0,...,k}, and for each i € {1,...,k}, either
ci =d; or ¢;,d; € W(b;) for some b; € S.

PROPOSITION 3.6. Let S be a finite wiga semigroup. If {s,t} is pointlike
and tsRx R xt, then xs = xt.

PRrROOF. By Ash’s theorem above, there are factorizations
s =epcie1cy ... ep_1ckex and t = fody fida ... fr_1dk fr

wheree;, f; € E(S'),i € {0,...,k}, and foreach i € {1,...,k}, either ¢; = d;
or ¢;,d; € W(b;) for some b; € S.
Let

81 = €0, 82 = €0C1,53 = €0C1€1,...,S2k4+1 = S
and

t1 = fo,t2 = fodi,ts = fodifa,... tar1 = t.
It follows from Lemma 3.1 that

Ts; ﬁ T ﬁzcti

for each i € {1,...,2k + 1}. Repeated applications of Lemmas 3.2 and 3.4
give the required result. [ |

In the next result, which is crucial, we show that each R-class of S
intersects with each pointlike set in at most one element.
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52 K. Auinger, G. M. S. Gomes, V. Gould, and B. Steinberg

LEMMA 3.7. Let S be a finite wiga semigroup. Then for any s,t with {s,t}
pointlike and st =t+, we have that s = t.

PROOF. Let {s,t} C S be pointlike such that s* = ¢t*. We have
stsRstRsTt
so that sts = s*t by Proposition 3.6. Hence s = t. [ |

We thus are able to prove our main result.

THEOREM 3.8. Each finite weakly left quasi-ample semigroup S has a finite
proper weakly left quasi-ample cover.

PRrROOF. If R is the identity relation then S is proper. Otherwise, let
{a1,b1},...,{ak, bx} be alist of all pairs of distinct R-related elements of S.
By Lemma 3.7, none of these pairs is pointlike. Hence for each i € {1,...,k}
there is a finite group G; and a relational morphism ¢; : S — G; such that
aiq&i N bz¢z = @ Now define

(f):S—%GlX...XGk:G, S¢=S¢1X...X$¢k.

It is easy to check that ¢ is a relational morphism.

Let R and 6 constitute the “standard” cover obtained from ¢ as in the
Introduction. As commented there, EF(R) = E(S) x {1}. Now if (s,g9) € R,
then in the direct product S x G,

(s,9)t =(sT,g")=(st,1) e R

so that R is a (2,1)-subalgebra of S x G. By virtue of the fact that wlga
semigroups form a quasivariety, R is wlga. It remains to show that R is
proper. N

Let (s,g),(t,h) € R with (s,g) RN o (t,h). Then

(Svg)+ = (tv h)+ and (67 1)(‘9’9) = (67 1)(t) h’)

for some e € E(S). It follows that s* = t* and g = h € s¢ Ntp. Since
g = (q1,-.-,9x) where g; € s¢; Nte;, the set {s,t} must be pointlike. By
Lemma 3.7, s = t. Hence R is proper. ]

Since the cover S of S constructed in Theorem 3.8 is a (2, 1)-subalgebra
of S x G, where G is a group, it follows that if S is wla, then so is S.
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An Application of a Theorem of Ash to Finite Covers 53

Moreover, if S is left ample, that is, R* = R (see [6]), or equivalently it
satisfies the quasi-identity

(st =ttt Axs = ys) = at = yt,

then so does S. Indeed S is always left ample if S is wla [6].

Finally, we remark that Theorem 3.8 holds equally well for monoids, in
view of the fact that in a relational morphism ¢ between mon01ds 1el¢
so that in Theorem 3.8, (1,1) € R and (1,1)0 = 1.

4. Representations

Enlarging on a comment in the Introduction, we have the following result,
which stems from a number of sources. We denote the identity map on a set
Y by Iy and for a set X, we put

Ex={ly:Y C X}.

PROPOSITION 4.1. [7, 10, 11] Let PT x denote the monoid of partial trans-
formations on a set X and let a — ot be the unary operation on PT x
which takes a to I ;... .. Then any (2,1)-subalgebra S of PT x such that
E(S) C Ex is a wla semigroup.
Conversely, if S is a wla semigroup, then there is a (2,1)-embedding ¢
from S into PT x such that E(S¢) C Ex.

The aim of this section is to represent wlqa semigroups by partial trans-
formations, or by direct products of such, in such a way that if S is wla
then the representation is faithful. In the proof of Proposition 4.1, X may
be taken to be S. For wlga semigroups we need to develop further the al-
ternative approach of generalised Schiitzenberger representations, already
utilised in the previous section. We adopt standard convention in denoting
the R-class of an element a of a semigroup S by Ra, we put

X={R,:a€ S}

LEMMA 4.2. Let S be a wilga semigroup and let X € X. Then S acts on X
on the right by partial functions if we define

P if zsRx ‘
undefined otherwise

PrROOF. We denote the action of s by pX. We need only show that dom
pXpX = dom pX. But this is a consequence of Lemma 3.1. n
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54 K. Auinger, G. M. S. Gomes, V. Gould, and B. Steinberg

COROLLARY 4.3. Let S be wlga and let X € X. Then ¢X : S — PT x given
by s¢X = pX is ‘a semigroup morphism. For any e € E(9), e¢pX € Ex.
Consequently, if R is a left congruence, ¢X preserves .

PROOF. If e € E(S) and x € dom p, then ze Rz so that by Lemma 3.2,
zpX = ze = .
If R is a left congruence, then for any s € S, dom pX = dom p‘;‘; so that

(3¢X)+=(,0§)+=Idom oX = Ijom o =,0§+=$+¢X~ -

In any semigroup S containing a zero 0, {0} is clearly an R-class. If S is
wlqa then choosing X to be Ry in the above result, the representation of S
in PT x is trivial. We wish our representation to be as ‘faithful as possible’;
more precisely, that it identifies only L-related idempotents, and is faithful
if S is wla. To achieve the result we require we take the direct product of
all the representations ¢~ .

PROPOSITION 4.4. Let S be a wlga semigroup and let
¢:8 > P =IxecxPTx

be given by (s¢)x = s¢X. Then ¢ is a semigroup morphism such that
(i) if sp € E(P), then s € E(S);
(ii) E(S¢) C UxexEx;
(iii) for any e € E(S), (e¢)p! is the L-class of e.

PROOF. (i) Suppose that s € S and s¢ € E(P), so that pX = = p2% for all
X € X. Let X = R,+. Since stsR s we have st € dom pX = dom p%
and sts = sts?, so that s = s2.

(i) This is an immediate consequence of (i) and Corollary 4.3.

(iii) Let e € E(S) so that by (i), (eg)p~! C E(S). Suppose that f,g €
(ep)p~!. Then p‘}( = pff for all X € X; putting X = Ry we have fgR f since
f € dom p}(. Thus f = fg by Lemma 2.3; we deduce that (e¢)p~! C L.

Conversely, suppose that h € E(S) and hLe. For any X € &,

{(reX zRaze}={zeX : z=rxe}=

{zreX:z=ah}={xeX:zRah}
so that pf =pff and e¢ = ho. [ |
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An Application of a Theorem of Ash to Finite Covers 55

We would like to deduce from the previous result that S¢ is wla . If
Y is any collection of sets and for each Y € Y, Ty is a (2, 1)-subalgebra of
PTy with E(Ty) C Ey, then by Lemma 2.1, IIy¢yTy is wla. In Proposi-
tion 4.4 we certainly have that the idempotents of S¢ are all of the correct
form. However, consequent upon the following result, S¢ may not be closed
under *.

THEOREM 4.5. Let S be a weakly left quasi-ample semigroup and let ¢ be
defined as in Proposition 4.4. Then the following are equivalent:

(i) & preserves T;
(ii) for each a € S, (ad)™ = ep for some e € E(S);
(iii) S¢ is closed under *
v)

(i

If any of these conditions holds, S¢ is weakly left ample.

R is a left congruence.

Proor. That (i) implies (ii) is clear and that (iii) implies (ii) follows from
Proposition 4.4. Suppose now that (ii) holds. Let a € S and suppose that
(ap)t = e¢ where e € E(S); we show that (ap)™ = a™ ¢, so that (i) and (iii)
hold. For any X € X, (a¢X)* = e¢X so that Liom px = pX and dom pX =

dom pX. This gives from Lemma 3.2 that
{reX: zRza}={reX:2Rae}={zr e X :z=uze)

Since a* Rata, if we put X = Rg+ we obtain a* = a*e. On the other
hand, as e = ee putting X = R, we have e R ea and so

Doy — ont ot
eRea = ea a<gea’ <gze

so that e R ea™ and so e = ea't, as E(S) is a left regular band. Thus e £ a*
and it follows from Proposition 4.4 that (a¢)* = ep = at¢.

Corollary 4.3 gives that (iv) implies (i). Finally, we assume that () holds,
so that for any X € X and a € S, (a¢™)" = a*¢X so that dom pf = dom

. Let z € S and put X = R,,+. Then zata* R za* so that za* € dom
péﬂ and hence za™ Rzata = za. It follows that if u,v,w € S and vRw,
then
wRuwt = wwt Ruw

and R is a left congruence.

The final statement of the theorem follows from the comments immedi-
ately preceding its statement. u
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COROLLARY 4.6. Let S be a wla semigroup. Then ¢ as defined in Proposition
4.4 is an embedding.

PROOF. From Theorem 4.5, ¢ preserves ©. Suppose that a,b € S with
a¢ = bp. Then a™¢ = b¥¢ so that by Proposition 4.4, a* = b*. Putting
X = R,+ and using the fact that ¢ = ¢ we obtain ata = a*b, whence
a=b. |

If S is a two element null semigroup with an identity then it is easy to

see that S is wlga but R is not a left congruence.
The results of this section are immediately adaptable to monoids; in each
case the representation preserves the identity.
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